Abstract. This is a short survey on idempotent states on locally compact groups and locally compact quantum groups. The central topic is the relationship between idempotent states, subgroups and invariant C*-subalgebras. We concentrate on recent results on locally compact quantum groups, but begin with the classical notion of idempotent probability measure. We also consider the 'intermediate' case of idempotent states in the Fourier-Stieltjes algebra: this is the dual case of idempotent probability measures and so an instance of idempotent states on a locally compact quantum group. This is a short survey on idempotent states on locally compact groups and, more generally, on locally compact quantum groups. Idempotent states arise for example as limits of random walks (as we shall see in section 1) and as limits in ergodic theorems for random walks [8] . Idempotent states are also connected to the construction of the Haar measure of a compact group: taking the Cesàro limit of convolution powers of a probability measure gives an idempotent probability measure, which is the Haar measure if the original measure is suitably chosen. The same process works in the case of compact quantum groups: this is the construction of Haar state due to Woronowicz [42, 45] . Very recently, idempotent states on locally compact quantum groups have also turned up in connection with Hopf images [3] and Poisson boundaries [16] .
This is a short survey on idempotent states on locally compact groups and, more generally, on locally compact quantum groups. Idempotent states arise for example as limits of random walks (as we shall see in section 1) and as limits in ergodic theorems for random walks [8] . Idempotent states are also connected to the construction of the Haar measure of a compact group: taking the Cesàro limit of convolution powers of a probability measure gives an idempotent probability measure, which is the Haar measure if the original measure is suitably chosen. The same process works in the case of compact quantum groups: this is the construction of Haar state due to Woronowicz [42, 45] . Very recently, idempotent states on locally compact quantum groups have also turned up in connection with Hopf images [3] and Poisson boundaries [16] .
As we shall see, idempotent states are inherently related to subgroups. However, there is some evidence against the preceding claim, such as Pal's example of an idempotent state on the KacPaljutkin quantum group that does not arise from the Haar state of a subgroup [24] . In this paper we shall see that in fact also Pal's example is associated with a subgroup (in a different way), and so perhaps there is still hope to connect all idempotent states to subgroups, quotient groups or combinations of these. There are not many new things in this survey article: only a cute new proof to a known result and the already-mentioned insight to the example of Pal. Many of the results, and much more, can be found in the recent papers due to (combinations of) Franz, Skalski, Tomatsu and the author [9, 10, 11, 31, 33 ].
Random walks and idempotent probability measures
Every probability measure µ on a discrete group G determines a random walk: if we start from point s ∈ G, then the probability for taking a step to t ∈ G is P (s → t) = µ ts −1 , where µ ts −1 := µ({ts −1 }). Suppose that we start from the identity e and X k is the random variable denoting the position after k steps. We can use convolution to describe the random walk: P (X 1 = t) = µ t P (X 2 = t) = s∈G P (X 1 = s)P (s → t) = s∈G µ s µ ts −1 = (µ ⋆ µ) t . . .
In general the convolution of measures µ and ν on a locally compact group G is defined by µ ⋆ ν, f = f (st) dµ(s) dν(t) (f ∈ C 0 (G));
here, and throughout the paper, we consider measures on G as functionals on the C*-algebra C 0 (G) of continuous functions on G vanishing at infinity. In the discrete case the convolution boils down to µ ⋆ ν = s,t∈G µ s ν t δ st = s∈G t∈G µ st −1 ν t δ s where δ s denotes the Dirac measure at s. More generally, a probability measure on a locally compact group determines a random walk on that group. From this point of view, we shall see that random walks give rise to idempotent probability measures. An idempotent probabity measure on a locally compact group G is a probability measure µ on G that is an idempotent under the convolution product:
Now suppose that G is a compact group and ν is a probability measure on G. If the sequence of convolution powers of ν converges in the weak* topology, then the limit is an idempotent probability measure, which embodies the limit of the random walk. The convergence of such a sequence of convolution powers is widely studied in probability theory (see for example [12, 13] ).
Taking a slightly different approach, consider the Cesàro averages
The sequence of these averages always converges in the weak* topology. Morevover, the limit µ is an idempotent probability measure. This gives a useful way to generate idempotent probability measures: for example, the Haar measure of a compact group may be constructed this way. (In the case of non-compact groups the situation is more complicated and to make sure that the limit is non-zero, some form of tightness needs to be assumed for the sequence of convolution powers of ν.)
Kawada-Itô theorem
Now that we have seen how idempotent probability measures may arise in practice, a natural question is how to characterise these measures. In the case of locally compact abelian groups, we may use the Fourier-Stieltjes transform to convert an idempotent measure to a characteristic function on the dual group. This trivialises the algebraic side of things, but now the positivity and the normalisation condition become non-trivial. Still, this is a useful approach and, as we shall see in the next section, leads to a simple characterisation. But let us first review the history of the general problem.
Already in 1940 Kawada and Itô [17] characterised idempotent probability measures on compact groups as the normalised Haar measures of compact subgroups. It seems that harmonic analysts were unaware of this paper, and Wendel [41] rediscovered the result in 1954 (truth be told, Wendel's main result is an interesting new proof for the existence of Haar measure on a compact group G, using idempotents in the compact semigroup formed by the probability measures on G). Trying to characterise all idempotent measures on a locally compact abelian group, Rudin [29, 30] showed that any idempotent measure is concentrated on a compact subgroup, thereby extending Wendel's result -or that of Kawada-Itô -to locally compact abelian groups. (The full description of idempotent measures on locally compact abelian groups is due to Cohen [4] ; the non-abelian case is open.) Independently, Pym [28] and Loynes [23] characterised idempotent probability measures on locally compact groups (not necessarily abelian) as the normalised Haar measures of compact subgroups. However, since the problem took two separate paths, one starting from Kawada-Itô and another one from Wendel, it is perhaps not that surprising that the problem was solved already in 1954, by Kelley [18] . The three approaches, due to Kelley, Pym and Loynes, are all quite different: Kelley studies operators on C 0 (G), Pym idempotent measures on semigroups and Loynes operator-valued Fourier transform. There are also other generalisations, for example one due to Parthasarathy [25] to complete separable metric groups, which need not be locally compact.
Theorem 1 (Kawada-Itô). Let µ be an idempotent probability measure on a locally compact group G. Then there is a compact subgroup H of G such that µ is the normalised Haar measure of H (considered as a measure on G).
The Kawada-Itô theorem gives a procedure to construct the Haar measure of a compact group. Start with a probability measure ν whose support generates the compact group G. As mentioned in the preceding section, the Cesàro averages of convolution powers of ν converge in the weak* topology to an idempotent probability measure. It follows from the Kawada-Itô theorem, that the limit is the normalised Haar measure of G due to the choice of ν.
As another example, consider the circle group T and the Dirac measure δ z at some z ∈ T. Then there is an idempotent probability measure µ such that 1 n n k=1 δ * k z → µ weak*. If z is a rational multiple of π, then µ is the counting measure of the finite subgroup of T generated by z. On the other hand, if z is an irrational multiple of π, then µ is the normalised Lebesgue measure on T. The latter statement amounts to the Weyl equidistribution theorem. An idempotent state in B(G) is a state on C * (G) that is an idempotent:
That u is a state means that u is a positive definite function with u(e) = 1, where e denotes the identity of G. In the case of abelian G, the Fourier-Stieltjes transform takes an idempotent probability measure on G to an idempotent state in B(G). This explains why the characterisation of idempotent states in B(G) may be viewed as the dual version of the Kawada-Itô theorem. In fact, many early studies on idempotents in M(G), with G abelian, used the Fourier-Stieltjes transform to translate the problem to the dual setting.
Continuing from the work of Cohen [4] , mentioned in the previous section, Host [14] characterised all idempotents in B(G) as characteristic functions of sets in the open coset ring of G. However, his characterisation does not immediately lead to the following characterisation of idempotent states, which is due to Ilie and Spronk [15] . The short proof presented here is new (Ilie and Spronk obtained their result as a corollary of a more general characterisation of contractive idempotents).
Theorem 2. Every idempotent state in B(G) is the characteristic function of an open subgroup of G.

Proof. First of all, every idempotent in B(G) is a characteristic function of some open (and closed) set H, because B(G) consists of continuous functions. Denote the universal representation of
because u is a state, and u, ̟(s)
It follows from Choi's theorem on multiplicative domains (see [26, Theorem 3.19] ) that u is multiplicative at ̟(s). So for every t ∈ G,
which implies that H is closed under multiplication. Hence H is an open subgroup and u = 1 H .
The fact that compact subgroups in the Kawada-Itô theorem have changed to open ones in the preceding result reflects subgroup duality. Suppose that G is abelian and H is a closed subgroup of G. Then the continuous characters on G that are constant 1 on H form a closed subgroup H ⊥ of G. Now H is compact if and only if H ⊥ is open, and vice versa. Moreover, the Fourier-Stieltjes transform maps a measure on G supported by H to a function on G that is constant on the cosets of H ⊥ .
Locally compact quantum groups
Locally compact quantum groups provide a natural context to discuss the results in the previous sections in a unified manner. We shall walk through the definition due to Kustermans and Vaes [21] . Let G denote a locally compact quantum group. This means that we have a C*-algebra
where the tensor product is the minimal C*-algebraic tensor product and M( · ) denotes the multiplier algebra) such that
The map ∆ is called the comultiplication of G. We also need to assume that there exist left and right Haar weights on C 0 (G), denoted by φ and ψ, respectively. These are so-called KMS-weights, which are densely defined, faithful and lower semicontinuous. The important invariance properties, as with Haar measures, are that
+ and a, b ∈ C 0 (G) + are such that φ(a) < ∞ and ψ(b) < ∞. So a locally compact quantum group is given by a C*-algebra that has a suitable comultiplication and left and right Haar weights. It is convenient to use the suggestive notation C 0 (G) for the C*-algebra because in the commutative case the C*-algebra is C 0 (G) for some locally compact group G. In this case the comultiplication is given by dualised group multiplication:
Of course the left and right Haar weights are given by integration against the left and right Haar measures, respectively. Whenever G is a locally compact quantum group such that C 0 (G) is commutative, it is of this form.
Next we consider the dual of the commutative case, which is known as the co-commutative case. Let λ be the left regular representation of G. Then the reduced group C*-algebra C *
(Hopefully the reader is not confused by the two uses of 'B' as both the Fourier-Stieltjes algebra and the algebra of bounded operators; the distinction should be clear from the context.) We define a comultiplication on C * r (G) by putting
Note that actually λ(s) is in M(C * r (G)) but the above does define a unique comultiplication on C * r (G), because the linear span of λ(G) is strictly dense in M(C * r (G)). In this case the left and right Haar weights coincide and are the so-called Plancherel weight. The construction of this weight uses Tomita-Takesaki theory [34, section VII.3] (for discrete G, φ(a) = ( aδ e | δ e ) is the usual tracial state).
Both these examples may be considered as Kac algebras [7] . Every Kac algebra determines a locally compact quantum group, so the latter notion is more general. For an example of a locally compact quantum group that is not a Kac algebra, see section 7, which includes the description of the quantum deformation of SU(2) defined by Woronowicz. For a more thorough introduction to locally compact quantum groups, see for example the survey by Kustermans and Tuset [19, 20] or the book by Timmermann [36] .
From now on we shall concentrate on locally compact quantum groups G that are coamenable. That means that there is a state ǫ on C 0 (G), called the counit of G, such that
for every a ∈ C 0 (G). In the commutative case coamenability is a vacuous condition (every commutative quantum group is coamenable), but a co-commutative quantum group G = G is coamenable if and only if the locally compact group G is amenable.
Classical cases as instances of idempotent states on locally compact quantum groups
The notion of idempotent state from the two classical cases -idempotent probability measures on groups and idempotent states in the Fourier-Stieltjes algebra -is easily generalised to the language of locally compact quantum groups. The dual space of the C*-algebra C 0 (G) carries a natural Banach algebra structure: the multiplication is defined by
An idempotent state on a locally compact quantum group G is a state ω on the C*-algebra C 0 (G) that is an idempotent under the product defined above: ω ⋆ ω = ω. A much more difficult task than the definition is to unify the results from the classical cases to general results on locally compact quantum groups. Indeed, it is perhaps not even possible to do so. To even bring forth this discussion we need some further terminology.
A locally compact quantum group H is compact if C 0 (H) is unital, in which case we write C(H) for C 0 (H). A compact quantum subgroup of a coamenable locally compact quantum group G is a compact quantum group H such that there exists a surjective * -homomorphism
(The reader is warned that there are other definitions of closed quantum subgroup [38, 39] , and it is not clear whether they are all equivalent. In our situation, all the definitions coincide as they do in many other cases; see [5] .) A compact quantum subgroup of G always gives rise to an idempotent state on G. Indeed, when a locally compact quantum group H is compact, the left and right Haar weights are actually bounded functionals and coincide. By normalisation, there exists a unique state -the Haar state -φ H on C(H) that is both left and right invariant. Using the subgroup morphism π, we may pull back φ H to obtain an idempotent state ω = φ H π on G.
Obviously ω is a state and it is an idempotent due to invariance of φ H :
It should be noted that in the case of compact quantum groups, the existence of Haar state follows from the other axioms as shown by Woronowicz [42, 45] . Indeed, this may be done with a similar process of using Cesàro averages as mentioned after the Kawada-Itô theorem: the Cesàro averages of convolution powers of a faithful state converge to the Haar state (however, the resulting Haar state is not necessarily faithful). The assumption that there is a faithful state on the C*-algebra, which is true in the separable case, may be dropped, as shown by Van Daele [40] . Now it is possible to at least formulate the statement of the Kawada-Itô theorem: every idempotent state on a locally compact quantum group G is a Haar idempotent, that is, of the form ω = φ H π where φ H is the Haar state of a compact quantum subgroup H of G and π : C 0 (G) → C(H) is the associated morphism. The problem is that this statement is false. It is, moreover, easily seen to be false. Let G be an amenable locally compact group with a non-normal open subgroup H. Then 1 H is an idempotent state on C * r (G). If 1 H were a pullback of the Haar state of a compact quantum subgroup of C * r (G), then the compact quantum subgroup would necessarily be of the form C * r (G/H). But H not being normal, this is not possible (see [10, Theorem 6.2] for the finite case and [31, section 7] for a related discussion on left invariant C*-subalgebras in C * r (G)). Although this example, obtainable with finite groups, certainly seems to be the most straightforward counterexample of the Kawada-Itô theorem for quantum groups, it was not the first one. The first counterexample is due to Pal [24] and it comes from a genuine quantum group: the Kac-Paljutkin quantum group. We shall next describe this quantum group and Pal's example as well as provide a new insight to this example.
Pal's counterexample
The underlying C*-algebra of the Kac-Paljutkin quantum group G is
the basis of which is given by the vectors Pal's idempotent state is defined by
As we shall see in section 9, we can always associate a certain C*-subalgebra to an idempotent state. For Pal's idempotent state ω, the associated C*-subalgebra (id ⊗ ω)∆(C(G)) is spanned by the elements a = e 1 + e 2 + e 3 + e 4 + e 5 + e 6 and b = e 1 − e 2 − e 3 + e 4 − e 5 + e 6 .
Moreover, one can calculate that Now consider the quantum group Z 2 given by the group C*-algebra C * (Z 2 ) (of course Z 2 ∼ = Z 2 but the chosen viewpoint suits us better). Then C * (Z 2 ) is spanned by λ(0) and λ (1), where λ denotes the left regular representation of Z 2 . Define π : C * (Z 2 ) → C(G) by π(λ(0)) = a and π(λ(1)) = b. By (1), we see that π preserves the quantum group structure of Z 2 . There is also a conditional expectation E onto π(C * (Z 2 )) defined by
The counit ǫ Z2 of Z 2 is the constant function 1 (considered as an element of B(Z 2 )). Finally, note that ω = ǫ Z2 • π −1 • E. What this shows is that Pal's idempotent state is of the similar form as the idempotent states 1 H on group C*-algebras:
is the natural embedding (i.e. zero extension), and E : C * r (G) → π(C * r (H)) is the natural conditional expectation (i.e. restriction to H). So although Pal's idempotent is not like the idempotent states in the commutative case (i.e. not a Haar idempotent), it is similar to the idempotent states in the co-commutative case. Thus it is associated with a subgroup but in a different way.
These examples of idempotent states that are not Haar idempotents show that a new approach is needed for general locally compact quantum groups. In section 8 we consider another notion, that of left invariant C*-subalgebras, that is closely tied with idempotent states as we shall see. There is also the approach of Franz and Skalski, who show in [10] that every idempotent state on a finite quantum group arises from the Haar state of a so-called quantum subhyper group. On a related note, Franz and Skalski [9] also show that idempotent states on a finite quantum group correspond to quantum pre-subgroups in the sense of [1] . In all these approaches one associates idempotent states with structures more general than subgroups, and that is what we shall do with left invariant C*-subalgebras in section 9.
Positive examples from deformation quantum groups
In this section we shall consider idempotent states on some important examples of compact quantum groups, in particular on the quantum deformation of SU(2) introduced by Woronowicz [43, 42] . It turns out that on these deformations of classical groups, SU q (2), U q (2) and SO q (3), all idempotent states are Haar idempotents. The results in this section are due to Franz, Skalski and Tomatsu [11] .
Define C(SU q (2)) as the universal unital C*-algebra generated by elements a and c such that
is formally a unitary matrix (a 2 × 2 matrix with entries in C(SU q (2))). The comultiplication of SU q (2) is determined by the identity
This identity is to be read as follows: on the left-hand side we apply ∆ to each entry and on the right-hand side we take a formal matrix multiplication where we use the tensor product when 'multiplying' entries; then we just equate the entries of the two 2 × 2 matrices. Although the relations given above fully determine the structure of SU q (2), to prove that we actually get a compact quantum group takes some work. Recall however that the existence of the Haar state follows from the general theory of compact quantum groups. Using the representation theory of SU q (2), Franz, Skalski and Tomatsu [11] calculated all the idempotent states on SU q (2) for q ∈ (−1, 0) ∪ (0, 1). It turns out that these are all Haar idempotents. Namely, the idempotent states on SU q (2) are the Haar state and the Haar idempotents coming from the subgroups T and Z n , 1 ≤ n < ∞. We see that T is a subgroup of SU q (2) by mapping the generator a to the generator z of C(T) and c to 0. Moreover, Z n 's are subgroups of T. Already Podleś [27] showed that these are all the closed quantum subgroups of SU q (2). This result follows also from [11] , but of course it takes more work to show that all idempotent states actually arise from these subgroups. Franz, Skalski and Tomatsu also give the complete list of idempotent states for the related deformation quantum groups U q (2) and SO q (3). Also in these cases all idempotent states are Haar idempotents.
Left invariant C*-subalgebras
In this section we shall consider another notion related to idempotent states besides subgroups. The notion is that of left invariant C*-subalgebra (here we could use alternative terminology and call these coideals or homogeneous spaces).
Let G be a coamenable locally compact quantum group. For ω ∈ C 0 (G) * , define the left and right convolution operators on C 0 (G) by
(A C*-subalgebra is nondegenerate if it contains a bounded approximate identity for the ambient C*-algebra.)
Consider the commutative case when G is a locally compact group. Then a C*-subalgebra X of C 0 (G) is left invariant if and only if it is left translation invariant; that is, the function L s f (t) = f (st) is in X whenever f ∈ X and s ∈ G. Lau and Losert [22] have characterised left invariant C*-subalgebras of C 0 (G): a C*-subalgebra X ⊆ C 0 (G) is left invariant if and only if there is a compact subgroup H of G such that X consists of all the functions in C 0 (G) that are constant on right cosets of H. The latter statement means that X is * -isomorphic to C 0 (G/H). Earlier, de Leeuw and Mirkil [6] gave this characterisation in the case of locally compact abelian groups. Moreover, Takesaki and Tatsuuma [35] produced several related results, characterising closed (left) invariant self-adjoint subalgebras of L ∞ (G), the Fourier algebra A(G), the group von Neumann algebra VN(G) and the L 1 group algebra (here the meaning of 'closed' depends on the context: with A(G) and L 1 (G) it means norm-closed and with L ∞ (G) and VN(G) it means weak*-closed). The dual version of the Lau-Losert characterisation for a locally compact amenable group G is given in [31] : a C*-subalgebra X ⊆ C * r (G) is invariant if and only if X ∼ = C * r (H) for some open subgroup H. One can also consider strictly closed left invariant C*-subalgebras of C b (G) and M(C * r (G)) and obtain in both cases a one-to-one correspondence with closed subgroups of G [32] .
Finally, we also have the following result from [31] , concerning left invariant C*-subalgebras of coamenable locally compact quantum groups. Recall that a conditional expectation on a C*-algebra A is a norm 1 projection from A onto a C*-subalgebra of A. The following result also employs a symmetry condition that is related to the problem brought out by Pal's counterexample. We postpone the formulation of this symmetry condition until after the theorem.
Theorem 3.
There is a one-to-one correspondence between compact quantum subgroups of G and symmetric, left invariant C*-subalgebras X of C 0 (G) with a conditional expectation P from C 0 (G) onto X such that (id ⊗ P )∆ = ∆P .
Let G be an amenable locally compact group and H an open subgroup of G. As noted above, C * r (H) is an invariant C*-subalgebra of C * r (G). However, C * r (H) is not associated with a compact quantum subgroup unless H is normal, in which case C * r (H) is associated with C * r (G/H). We shall need an analogue of this normality condition for more general quantum groups. This can be done through the so-called multiplicative unitary of a locally compact quantum group G. There is a canonical way to define a unitary operator W on L 2 (G) ⊗ L 2 (G) such that W determines the quantum group G [21, Proposition 3.17]. Here L 2 (G) denotes the Hilbert space obtained by applying the GNS-construction to the left Haar weight of G. The C*-algebra C 0 (G) is faithfully represented on L 2 (G) and it is natural to identify C 0 (G) with its image in B(L 2 (G)). The multiplicative unitary W determines the comultiplication via
The notion of multiplicative unitary is central in the theory of locally compact quantum groups; seminal work in this area is due to Baaj and Skandalis [2] and Woronowicz [44] . We say that a C*-subalgebra X of C 0 (G) is symmetric if
whenever x ∈ X (here B 0 denotes the compact operators). Tomatsu [37] introduced this type of condition, calling it coaction symmetry (due to the fact that X is symmetric if and only if it is closed under the natural action of the dual quantum group of G). Returning to the cocommutative case, the left invariant C*-subalgebra C * r (H) associated with an open subgroup H of G is symmetric if and only if H is normal [31] .
9. Idempotent states and left invariant C*-subalgebras Although Pal's counterexample showed that we cannot associate all idempotent states to compact quantum subgroups, we may still have a chance of associating idempotent states to suitable left invariant C*-subalgebras. The results in this section are from [33] , many of them generalisations from [9] or [11] .
Let G be a coamenable locally compact quantum group. If ω is an idempotent state on G, then R ω (C 0 (G)) is a left invariant C*-subalgebra of C 0 (G) and R ω is a conditional expectation onto this C*-subalgebra. The following result generalises an earlier result due to Franz and Skalski [9] concerning compact quantum groups.
Theorem 4.
Suppose that G is unimodular (i.e. φ = ψ). There is a one-to-one correspondence between idempotent states ω on G and left invariant C*-subalgebras X of C 0 (G) with a conditional expectation P from C 0 (G) onto X such that φ • P = φ. The correspondence is given by
where ǫ is the counit of G.
The preceding result leaves room for improvement: one would like to remove the unimodularity assumption in which case the conditional expectation should preserve both left and right Haar weights.
The following result characterises those idempotent states that arise from compact quantum subgroups. It also brings together the symmetry condition from the preceding section. The equivalence between the first and the third condition is proved for compact quantum groups in [11] .
Theorem 5. Let ω be an idempotent state on G and let X ω = R ω (C 0 (G)). The following are equivalent:
(1) ω is a Haar idempotent; (2) X ω is symmetric; (3) N ω := { a ∈ C 0 (G); ω(a * a) = 0 } is an ideal.
The set N ω in the third condition of the the preceding result is always a left ideal, so the condition is automatically satisfied if C 0 (G) is commutative. Consequently, we get the KawadaItô theorem from section 2 as a corollary. Finally, we have the following correspondence result, which does not assume unimodularity, but works only for Haar idempotents.
Theorem 7.
There is a one-to-one correspondence between Haar idempotents ω on G and symmetric, left invariant C*-subalgebras X of C 0 (G) with a conditional expectation P from C 0 (G) onto X such that φ • P = φ and ψ • P = ψ.
Note that the preceding theorem improves Theorem 3 in the sense that the condition that (id ⊗ P )∆ = ∆P may be replaced by the more natural condition that P preserves both left and right Haar weights.
